On the asymptotically periodic solution of some linear difference equations by Popenda, Jerzy & Schmeidel, Ewa
Archivum Mathematicum
Jerzy Popenda; Ewa Schmeidel
On the asymptotically periodic solution of some linear difference equations
Archivum Mathematicum, Vol. 35 (1999), No. 1, 13--19
Persistent URL: http://dml.cz/dmlcz/107681
Terms of use:
© Masaryk University, 1999
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
ARCHIVUM MATHEMATICUM (BRNO)Tomus 35 (1999), 13 { 19ON THE ASYMPTOTICALLY PERIODIC SOLUTION OF SOMELINEAR DIFFERENCE EQUATIONSJerzy Popenda and Ewa SchmeidelAbstract. For the linear dierence equationxn+1   anxn = rXi=0 a(i)n xn+i; n 2 Nsucient conditions for the existence of an asymptotically periodic solutionsare given.In the paper by N , R, R0 we denote the set of positive integers, real numbers,and nonnegative real numbers respectively.For any function y : N ! R the forward dierence operator  is dened asfollows: yn = yn+1   yn; n 2 N :Using the method we have applied in [3] to get existence of constant approachingsolutions of dierence equations, we consider existence of asymptotically periodicsolutions of the equation(E) xn+1   anxn = rXi=0 a(i)n xn+i; n 2 N :Denition. The sequence v : N ! R is periodic (- periodic), if vn+ = vn forall n 2 N . The sequence v : N ! R is asymptotically periodic (asymptotically-periodic) if there exist two sequences u;w : N ! R such that u is periodic(-periodic), limn!1wn = 0, and vn = un +wn for all n 2 N .A sequence fxng1n=1 is called generalized solution of (E) if it satises (E) for alln suciently large.1991 Mathematics Subject Classication : 39A10.Key words and phrases: dierence equation, asymptotic behaviour.Received June 12, 1997.
14 J. POPENDA, E. SCHMEIDELTheorem 1. Let a(i) : N ! R; a : N ! R nf0g be -periodic and such thatQj=1aj = 1, let furthermore1Xj=1 ja(i)j j <1; i = 0; 1; : : : ; r:(1)Then for arbitrary C 2 R; C 6= 0 there exists asymptotically -periodic general-ized solution x of (E) such thatxn = C n 1Yj=1 aj + o(1) :(2)If moreover a0n 6=  an(3)for each n 2 N then these solutions can be extended to the left up to n = 1.Proof. Let us observe that if u is a solution of (E) such thatun = C n 1Qj=1 aj + o(1) with C > 0, then the sequence f ung is also the solutionof (E) and have the same asymptotic properties with C < 0. Therefore we restrictour considerations to the case C > 0.Since C > 0 there exists a positive constant " such that C   " > 0. Let usdenote C1 = C + ";n = C1 rXi=0 1Xj=nb(i)j  ; n 2 N ;(4)where b(0)n = 1an a(0)n ; b(1)n = a(1)n ; b(i)n =  n+i 1Yk=n+1ak!a(i)n(5)for i = 2; : : : ; r, n 2 N .Notice that by periodicity of fang and condition (1) the series1Xj=1 b(i)j ; i = 0; 1; : : : ; rare absolutely convergent (also for i = 0 because of an 6= 0).Therefore there exists n1 2 N such that n  " for all n  n1. So we can deneI = [C   "; C + "]; In = [C   n; C + n]for n  n1. It is evident that In+1  In anddiam In ! 0 as n!1 :(6)
ON THE ASYMPTOTICALLY PERIODIC SOLUTION 15Let l1 denotes the Banach space of bounded sequences x = fxng1n=1 with thenorm jjxjj= supn1 jxnj.Now T  l1 be such a set that x = fxng1n=1 2 T if xn = C for n = 1; 2; : : : ; n1   1xn 2 In for n  n1 :It is easy to check that T is a closed, convex and compact subset of l1. By (6), forarbitrary "1 > 0 we can set up a nite "1-net for the set T. Hence by Hausdor'stheorem T is really compact.Dene now an operator A. Let y = fyng1n=1 2 T and Ay =  = fng1n=1 ifn = 8<: C for n = 1; 2; : : : ; n1   1C   rPi=0 1Pj=n b(i)j yj+i for n  n1 :By absolute convergence of series 1Pj=1 b(i)j and boundedness of the sequence y theoperator A is well dened on the set T. Furthermorejn   Cj  rXi=0 1Xj=n jb(i)j jjyj+ij  C1 rXi=0 1Xj=n jb(i)j jbecause jynj  C + n  C1 for all n 2 N , so jn  Cj  n that is n 2 In.Therefore A maps the set T into T. We now prove that A is continuous on T.Take any "1 > 0. Let x = fxng1n=1 and y = fyng1n=1 be any two elements ofthe set T such that jjx yjj < 1 where 1 = C1"1n1 . Then the absolute convergenceof series rXi=0 1Xj=n1 b(i)j xj+i; rXi=0 1Xj=n1 b(i)j yj+iyieldsjjAx  Ayjj = supn2N j(Ax)n   (Ay)nj supnn1 j[C   rXi=0 1Xj=n b(i)j xj+i]  [C   rXi=0 1Xj=n b(i)j yj+i]j supnn1 rXi=0 1Xj=n jb(i)j jjxj+i  yj+ij  jjx  yjj supnn1 rXi=0 1Xj=n jb(i)j j 1n1C1 < C1"1n1 n1C1 = "1 ;from there we can deduce that operator A is continuous on the set T. Henceby Schauder xed point theorem there exists a solution of the operator equationx = Ax in T. Let z = fzng1n=1 be this xed point of A. Thenz = fC; : : : ; C; zn1; : : : ; zn; : : :g
16 J. POPENDA, E. SCHMEIDELwhile from the other handAz = 8<:C; : : : ; C; C   rXi=0 1Xj=n1 b(i)j zj+i; : : : ; C   rXi=0 1Xj=n b(i)j zj+i; : : :9=; :Therefore(7) zn = C   rXi=0 1Xj=n b(i)j zj+i; for n  n1 :Notice that by (6) and z 2 T, we have zn ! C because zn 2 In. In other words(8) z = C + o(1) :Let us take(9) vn =  n 1Yk=1 ak! zn; i.e. zn =  n 1Yk=1 1ak! vn :Substituting (9) into (7) we getvn n 1Yk=1 1ak = C   rXi=0 1Xj=n b(i)j vj+i j+i 1Yk=1 1ak :From there  vn n 1Yk=1 1ak! = rXi=0 b(i)n vn+i n+i 1Yk=1 1ak :Hence, by (5)vn+1   anvn =  nQk=1 ak rPi=0 b(i)n vn+i n+i 1Qk=1 1ak=  nQk=1 ak 1an a(0)n vn n 1Qk=1 1ak + a(1)n vn+1 nQk=1 1ak++ : : :+  n+r 1Qk=n+1ak! a(r)n vn+r n+r 1Qk=1 1ak)= rPi=0a(i)n vn+i :That is the sequence fvng1n=n1 fulls (E) for n  n1 (is generalized solution of(E)). By (8) and (9) we have n 1Yk=1 1ak! vn = C + o(1) ;from there(10) vn = C n 1Yk=1 ak + n 1Yk=1 ak! o(1) :
ON THE ASYMPTOTICALLY PERIODIC SOLUTION 17However -periodicity of the sequence fang, and condition Qj=1 aj = 1 yields- periodicity of the sequence ( nQj=1 aj)1n=1. This in turns yields boundedness ofn 1Qk=1 ak, and consequently  n 1Yk=1 ak! o(1) = o(1) :Therefore from (10) we get (2).If furthermore the condition (3) is fullled then we can transform (E) to theform(11) xn =   1an + a(0)n ( xn+1 + rXi=1 a(i)n xn+i) :Substituting in (11) n = n1   1, xn = vn for n  n1 we obtain xn1 1. Proceedingthis way, we nd step by step xn1 2; : : : ; x1. Consequently, we obtain sequencefxng1n=1 which fullls (E) for all n 2 N , and because xn = vn for n  n1 this(ordinary) solution of (E) has the property (2).Notice that in fact Theorem 1 gives some sucient conditions for the linearequation(E1) c(r)n xn+r + : : :+ c(1)n xn+1 + c(0)n xn = 0to possess asymptotically periodic solutions, because (E1) can be transformed intothe form (E). Therefore if c(0)n diers from some -periodic sequence fang (pos-sessing properties dened in the Theorem 1) up to absolute summable sequencena(0)n o, c(1)n diers from 1 up to absolute summable sequence na(1)n o, and1Xj=1 jc(i)j j <1 for i = 2; : : : ; rthen (E1) possesses asymptotically -periodic solutions.In [4] we have given condition (with b almost -periodic) for the equationxn+1   xn = 1Xi=0 ainxn+i + bnpossesses such type of solutions. For general viewpoint on this problem for rstorder linear equations see e.g. [1].
18 J. POPENDA, E. SCHMEIDELFollowing the referee suggestion we can generalize Theorem 1. Using similarmethod we can get suitable result for the equation:(E2) xn+1   anxn = rXi=0 a(i)n fi(xn+i); n 2 N :Theorem 2. Let a(i) : N ! R; a : N ! Rnf0g be -periodic and such thatQj=1aj = 1, and 1Xj=1 ja(i)j j <1; i = 0; 1; : : : ; r :Let furthermore fi : R ! R; i = 0; 1; : : : ; r be odd and satisfy Lipschitzconditions i.e. jfi(u)  fi(v)j  Liju  vjfor u; v 2 R and some positive constant Li. Then for arbitrary C 2 R; C 6= 0there exists asymptotically - periodic generalized solution x of (E2) such thatxn = C n 1Yj=1 aj + o(1) :Proof. Proof of Theorem 2 follows similar way as the proof of Theorem 1. Themain dierence is in denition of the operator A.Let y = fyng1n=1 2 T then we dene  = fng1n=1 = Ay ifn = 8<: C for n = 1; 2; : : : ; n1   1C   rPi=0 1Pj=n b(i)j fi (j+i 1Qk=1 akyj+i for n  n1 :Furthermore we should taken = C1La rXi=0 1Xj=n jb(i)j j; n 2 N ;where b(i)n =  nYk=1 1ak! a(i)n ; for i = 0; 1; : : : ; r; n 2 N ;a = max1k( max1j j jYi=1 ak+ij) ; L = max0irLi :New denition of A is the consequence of fvng1n=n1 , dened by (9), have to bethe solution (generalized) of (E2). Now new n allows us to get A maps T intoT, while the Lipschitz conditions yield continuity of A.
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